ON A GENERALIZED MAXIMUM PRINCIPLE FOR A 
TRANSPORT-DIFFUSION MODEL WITH log-MODULATED 
FRACTIONAL DISSIPATION 



HONGJIE DONG AND DONG LI 



Abstract. We consider a transport-diffusion equation of the form dtd + v ■ 
V0 + uA0 = 0, where v is a given time-dependent vector field on R d . The 

operator A represents log-modulated fractional dissipation: A = -. — JYJ 

logP(A+|V|) 

and the parameters v > 0, > 0, < 7 < 2, A > 1. We introduce a novel 
nonlocal decomposition of the operator A in terms of a weighted integral of 
the usual fractional operators V| s , < s < 7 plus a smooth remainder term 
which corresponds to an L 1 kernel. For a general vector field v (possibly non- 
divergence-free) we prove a generalized L°° maximum principle of the form 
||0(*)||oo < e ct ||0o||oo where the constant C = C(v, > 0. In the case 

div(ti) = the same inequality holds for with 1 < p < 00. At the cost 

of an exponential factor, this extends a recent result of Hmidi [7] to the full 
regime d>l,0<7<2 and removes the incompressibility assumption in the 
L°° case. 



1. Introduction 

We consider the transport equation with log-modulated fractional dissipation of 
the form 

'd t 6 + vV9 + vM = 0, (t, x) <E (0, 00) x R rf , 

^ : = JZm) 9 > ( L1 ) 

v 0(O,a;) = 6 , 

where v > 0, and v = v(t,x) : [0, 00) x R d — >• M. d is a given vector field, possibly 
non-divergence-free. The basic unknown is the scalar function 9 — 9(t, x) which is 
usually termed "active scalar" . The operator A is defined via the Fourier transform 

Af(0 = — J£! m), £ e R d , 

yJ log^(A + |e|) 

where the parameters < 7 < 2, f3 > 0, A > 1. It is termed log-modulated 
fractional dissipation since it is the usual fractional Laplacian operator | V| 7 divided 
by a logarithm symbol. Along the way we will also consider a variant of the operator 
A which is denoted as Ai = |V| 7 log -/3 (A - A), i.e. 

log^A+ld 2 

The main objective of this paper is to prove some maximum principles for the 
operator A and A\ in Lebesgue spaces. 

The transport-diffusion model (jl.ip is a natural generalization of several linear 
and nonlinear fluid equations such as the two-dimensional surface quasi-geostrophic 
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equations, fractional Burgers equations, vortex patch models, and Boussinesq sys- 
tems. See, for instance, the recent work [9j 01 |3l [10l [6j [5] and references therein. 
In these problems, the velocity v is typically related to the active scalar 8 by a 
constitutive relation v = T{6) where T could be some singular integral operator 
or more generally a nonlocal operator. To obtain local and global wellposedness 
results for the nonlinear problems, an important first step is to get a priori L p , 
1 < p < oo estimates of solutions. Specific to the linear problem one needs 

to prove L p bounds on the active scalar 6 independent of the size of v. We refer 
to these types of results as LP maximum principle estimates. In this respect, the 
two-dimensional dissipative surface quasi-geostrophic equations can be regarded as 
a (nonlinear) version of and they correspond to the case f3 — in the operator 
A. A classical result is due to A. Cordoba and D. Cordoba [2] who proved the 
following 

||0(t)|| P < ||0(O)]|p, Vt>0, l<p<oo. 

In a recent article, Hmidi [7] initiated the study of (jl.ip and obtained the following 
important maximum principle: 

Theorem 1.1 (Hmidi [7|)- Let the dimension d = 2,3 and let v > 0, < 7 < 1, 

3 + 2q 

P > 0, A > e f . Assume the velocity v is divergence- free, i.e. V • v = 0. Then 
any smooth solution of satisfies 

||0(*)IIp<||0(O)||p, Vt>0,l< P <oo. 

To prove Theorem II. 1[ Hmidi used the theory of Co -semigroup of contractions 
on LP (1 < p < 00) for the family of convolution kernels (K t )t>o defined by 

K t (£) = e W(*+iei>. 

The key step is to get the positivity of the kernel K t . For this purpose, Hmidi 
used the Askey's criterion for characteristic functions pQ. The restrictions on the 
dimension d and the parameters (7, /3, A) are mainly due to the use of this criterion. 
Hmidi conjectured that the maximum principle should hold for all dimensions d > 1 
and the full range < 7 < 2 and (3 > 0. The purpose of this paper is to give an 
affirmative answer to this question at the cost of a harmless exponential factor. 

Theorem 1.2 (Generalized maximum principle, L°° case). Let v > 0, d > 1, 
< 7 < 2 and ft > 0, A > 1. Assume 9 = 9{t,x) is a smooth solution of (II. ip 
which decays at spatial infinity, i.e., for any fixed t > 0, 

lim 9(t,x) = 0, (1.2) 

\ x I — >oo 

Then we have 

||0(t)||oo<e ct ]]0 o |U Vi>0, (1.3) 
where C > is a constant depending only on (v, d, 7, /5, A) . 

Remark 1.3. The same result holds if we replace the dissipation operator A by A\ 
in (jl.ip . As we shall see in Section 2, the proof for A\ case is actually simpler. The 
decay condition (|1.2[) is fairly weak as most smooth solutions to these type of fluid 
equations typically belong to the Sobolev space C t °7J| which can easily imply (|1.2p . 
We should also stress that we do not assume any divergence-free condition on v in 
Theorem II. 21 This can have applications for compressible fluid equations. 
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To prove Theorem II. 2 [ we shall use a completely new idea which avoids the use 
of Askey's criterion. Namely we introduce a novel nonlocal decomposition of the 
operator A (see Section [5] for more details) in terms of a weighted integral of the 
usual fractional operators V| s , < s < 7 plus a smooth remainder term which 
corresponds to an L 1 kernel. Thanks to this new decomposition, we shall only need 
to appeal to the classic maximum principle for the fractional Laplacian operators. 
In a similar vein, one can even consider a weighted integral of a parameterized 
family of nonlocal operators each of which obeys a maximum principle. However 
we shall not pursue this generality here. 

As was already mentioned, Theorem 1 1 . 2 1 deals with the L°° norm and no special 
assumption is needed on the velocity field v. On the other hand for more general 
L p -norms with 1 < p < 00, the divergence-free condition on the vector field v has 
to be assumed, as one needs to calculate the time derivative of the LP norm and 
perform integration by parts. 

Theorem 1.4 (Generalized maximum principle, LP case). Let v > 0, d > 1, 

< 7 < 2 and f3 > 0, A > 1. Assume the vector field v — v(t,x) is divergence free, 
i.e. V • v = 0. Lf 6 — 9(t, x) is a smooth solution of (|l.ip . then for any 1 < p < 00, 
we have 



where C > is a constant depending only on (v>, d, 7, /3, A) . 

Remark 1.5. Both Theorem 11.21 and Theorem 11.41 hold in the periodic boundary 
condition caseQ In the periodic setting, the decay condition (jl.3l) is no longer 
needed as the periodic domain is compact. 

It is an interesting question whether one can prove the sharp constant is C = 
in both Theorem 11.21 and Theorem 11.41 We conjecture this is indeed the case at 
least for a generic set of parameters. 

The rest of this article is organized as follows. In Section 2 we introduce the 
nonlocal decomposition for both the operator A and the operator A\ . In Section 3 
we give the proof for Theorem 11.21 and Theorem 11.41 for the operator A\ . The case 
< 7 < 1 of A is also covered there. In Section 4 we complete the proof of the 
main theorems for the operator A in the regime 1 < 7 < 2. 

We conclude the introduction by setting up some 



• For any two quantities X and Y, we denote X < Y if X < CY for some 
constant C > 0. Similarly X > Y if X > CY for some C > 0. We denote 
X - Y if X < Y and Y < X. We shall write X <z u z 2< - ,z k Y if X < CY 
and the constant C depends on the quantities (Zi, ■ ■ ■ ,ZjP). Similarly we 
define >z u -,z k and ~z u -,Zh- 

• For any / on R d , we denote the Fourier transform of / has 



l|0(*)ll P <e ct ||0 o || P , v;>o, 



(1.4) 



Notations. 



JTS. d 

The inverse Fourier transform of any g is given by 




^We thank Edriss Titi for this suggestion. 
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For any real number x, the sign function sgn(x) is denned as follows 

!-l, ifx<0, 
0, if x = 0, 
1, ifx>0. 

For any complex z with Re(z) > 0, the Gamma function T(z) is given by 
the expression 

/•OO 

z-l-t 



T(z) = / t z - l e- t dt. 
Jo 

• We will also occasionally need to use the Littlewood-Paley frequency pro- 
jection operators. Let be a smooth bump function supported in the 
ball |£| < 2 and equal to one on the ball |£| < 1. For each dyadic number 
TV G 2 Z we define the Littlewood-Paley operators 

pZTKO := <p(£/N)f(t), 

Q(6 := [1-V(S/W A (0. 

^/(O := [f(i/N) - <p(2£/N)]fc). 

Similarly we can define P<jv, P>n, an d Pm<<n '■= P<n —P<m> whenever 
M and N are dyadic numbers. 

Acknowledgements. H. Dong was partially supported by the NSF under agree- 
ments DMS-0800129 and DMS-1056737. 

2. The nonlocal decomposition 

We start with the following lemma which establishes the nonlocal decomposition 
of the log-modulated fractional dissipation operator i^p^nvj) m * ne re gi me ^ 
7 < 1. One should notice the subtle difference between this operator and the 
operator A\ in the logarithmic term. By a simple change of variable |£| — > |£| 2 , the 
decomposition of the operator A\ is addressed in the next corollary. After that we 
establish the decomposition for the operator A in the regime 1 < 7 < 2. The proof 
will be more involved due to certain first order negative corrections. 

Lemma 2.1 (Nonlocal decomposition, case < 7 < 1). Let <i>l,0<7<l and 
P > 0, A > 1. Then we have the decomposition: 



ivr 



7 



= C P / r^|Vp- T dr + P, (2.1) 



W(A+|V|) 

where P is a smooth Fourier multiplier which maps LP to LP for all 1 < p < +00. 
More precisely, for any function f 

(Pf)(x) - (K * f)(x) = Jk(x- y)f{y) dy, 

and \\K\\ L i < Const. 

Proof of Lemma \2.1\ On the Fourier side the identity (12.11) is equivalent to the 
following 

!i -Cp /V-^r^r + P^). (2.2) 



log^A+iei) 
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To show (|2.2[) we start with the simple identity 
1 



W(A + |e|) r (^) 

Hence 

(A+ieir _ i r 



log' 3 (A + Id) r(/3)7 



^/ ^(A+ieir*-. 



(2.3) 



t" 



1 



r(/3) 



oc 

r 

7 



^(A+ieir^dT. 



We then set Cp = and obtain (|2.2p with 



P(0 = C> jT r^ 1 ((A + |e|r- - |e| 7 - T ) dr (2.4) 

/OO 
r^- 1 (A+|C|) T - T dT (2.5) 

+ ^±ffi, (2 . 6) 
log (A+|e|) 

It remains for us to show the L 1 boundedness of J r_1 (P). We first deal with the 
piece (|2.4[) . By the Fundamental Theorem of Calculus, we have for any < t < 1, 

(A +|£|)*-|£| t = [ tis+W-ids. (2.7) 
Jo 

If < t < 1, then 

i r°° 

Since for y > the Poisson kernel J r_1 (e~ 2 '^l) is positive, it follows easily that 
J r_1 ((s + |C|) t_1 ) is a non-negative function and furthermore, 

ii^ 1 ((*+iei)*- 1 )[Ui = «*- 1 - 

By ([277]> . we get 

ll^ 1 ((A + |C|)*-|e| t )IUi = A*. (2.8) 
Plugging the above estimate into (12.4[) . we get 



ll-F- 1 !^ !^! < C> f 1 t^ x \^- t dr < oo, 
Jo 



which is clearly good for us. 

For (|2.5|) . we just note that for r > 7, 

n^- 1 ((A+ieir- T )iUi = AT- T ) 

and hence 



l^iUIUi <Cy3 / r /3 " 1 A' 1 '- T dT<+oo, 



where we used the fact that A > 1. 
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Finally we deal with the contribution of (|2.6j) . By (|2.3|) . it is obvious that 

1 



W(A + fcl)' 



WA 



< 00, 



since A > 1. Now in (|2.6I) we may assume < 7 < 1 (the cases 7 = and 7 = 1 
are trivial). By (|2.8[> and Young's inequality, we get 

bg^A + iei) 

< — \ — A 7 < 00. 

" log* 9 A 

□ 

By a simple substitution |£| — > |£| 2 , we can deduce the nonlocal decomposition 
of the operator Ai from Lemma 12.11 Of course, one still needs to check the L 1 
boundedness of the error term under such nonlinear substitution. 

Corollary 2.2 (Nonlocal decomposition for the operator Ai). Let d>l,0<j<2 
and (3 > 0, A > 1. Then we have the decomposition: 



ivp 



7 



log p (A-A) Jo 

where P is a smooth Fourier multiplier which maps LP to LP for all 1 < p < +00. 
More precisely, for any function f 



(Pf)(x) = (K*f)(x) = K(x-y)f(y)dy 



and \\K\\ L i < Const. 



Proof of Corollary \2.'A On the Fourier side, the identity ()2.9|) is equivalent to the 
following (the value of the constant Cp can be adjusted slightly) 

— =c f 2 T P- X {\£,\ 2 )1- T dT + P{£). (2.10) 

log^(A + |£| 2 ) Jo 

By using a similar derivation as in the beginning part of the proof of Lemma |2~T1 
(see in particular (|2~3|l - ([2Td| . and replace |£| by |£| 2 , 7 by 7/2), we obtain (|2TTU|) 
with 

P(0 = C P JJ ^((A + |e| 2 )*- r - (|e| 2 )^ T ) dr 
+ C P / T^- 1 (X + \^)i- r dT 

h 

log' 3 (A + |£| 2 ) 

Note that < 2 < 1 and the fact ||J" _1 (a + | C 1 2 ) s II i,^ = a~ s for any s > and 
a > 0. By using a similar analysis as in the proof of Lemma 12. 1[ it is then not 
difficult to check that J" _1 (P) is an L bounded kernel. □ 

We now consider the more involved 1 < 7 < 2 case for the operator A. One 
should compare the decomposition (|2.11[) with (|2.1[) . 
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Lemma 2.3 (Nonlocal decomposition, case 1 < 7 < 2). Let d > 1, 1 < 7 < 2 and 

P > 0, A > 1. Then we have the decomposition: 

log /3 (A+ |V|) 

= C ^ T^ 1 \V[ f - T dT + Ci3 ^ T^- 1 (|V| 7 - T -AT|V|' y -' r - 1 )dr + P, 

(2.11) 

where P is a smooth Fourier multiplier which maps LP to LP for all 1 < p < +00. 
More precisely, for any function f 

(Pf)(x) = (K * f)(x) = Jk(x~ y)f{y) dy, 

and \\K\\ L i < Const. 

Proof of Lemma \2.3[ Throughout this proof we shall use the letter P to denote the 
symbol of an L 1 — > L 1 bounded operator. For the convenience of notation, we allow 
the value of P to vary from line to line. We begin with two elementary estimates. 
Let 4> S C£°(K ) be a radial smooth cut-off function such that 4>{x) = 1 for \x\ < 2 
and (j)(x) — for \x\ > 3. For any constant C > define 0<c(£) := 4>{x/C) and 
4>>c{x) — 1 — 4><c( x )- Then for any 7 > 0, C > 0, s > 0, we have the following 

WF-^ltrMO) hi < d(l + s) d+1 C- s , (2.13) 

where the constant C\ is independent of s. To prove (|2.12p . one can use a scaling 
argument to reduce to the A = 1 case. The result then follows easily from the 
binomial expansion of (|£|/(1 + \^\)Y' = (1 - = £„>o C 7 , n (l + the 

Z^-boundedness of the operators (l + |£|)" n (namely + llii^ii < 1 

for any n > 0), and the fact that J2 n >o IC7.nl < +°° ( n °te that C n>7 has a definite 
sign for n sufficiently large) . To prove (|2.13p one can again use scaling to reduce to 
the case C = 1. For s > 2 the result is obvious by using integration by parts. For 
< s < 2, we note that 

^((i+ieir^cK))^!, 

and on the support of 4>>c{C), 

icr-a+ieirHr 3 - 1 . 

One can then use the Littlewood-Paley operators to bound (since we are summing 
over TV > A^o the convergence in L 1 is of no problem): 

n^aei-^oik-ii s 1 + i^>i((ivr s - a + M)-)* )iU; 

N dyadic:Af>l 

< Const. 

Observe that the implied constants are uniform in s since < s < 2. This settles 
4233]). 
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By (|2.3|) . we write 



log' 3 (A + 



f r^lerCA+lCD-^r (2.14) 
Jo 

r r^iercA+ieir^r (2.15) 

p - 1 |er(A+|f|)- T dr. (2.16) 



7-1 

OO 



T 

7 



We first deal with tfLTty . Rewrite 



ie(A+kir T = ( x ^|) 7 -(A+i^ir- T . 

By using (|2.12p we obtain 

||J- 1 ((2~T6l) ||ri < / T f} - 1 X<- r dr < oo. 

Next we turn to (|2.15l) . By inserting a smooth cut-off function 0>ioa(£); We 
have 

rl 



dug = r^ier^i + dr0 >1OA (o + p 



+ J" i ^- i ier- T ((i + A)-r _ i) ^ >10A (o. (2.17) 

On the other hand, by using the binomial expansion of the function (1 + t)~ s = 
S n >o C n , s t n and the estimate (|2.13p . it is not difficult to check that 

t - 1 (V \ C n,r\ ■ A™ • (10A)-(" +r -^ • (1 + n + t - 7 ) d+1 ) dr 

n>l 

< +00. 

Hence we have proved 

(i2Ta = r T^ 1 ^^ dr + p. 

J-y-1 

We turn now to the final piece (|2.14l) . The main idea is similar to that of (|2.15p . 
We again insert a smooth cut-off </>>ioa(£) and observe that when |£| > 10A, we 
have 

Note that < t < 7 — 1 and we have to keep terms up to the linear term. Then 
clearly 

i2i= f r^H\^- T -rXl^-^dr + P. 
Jo 

The desired decomposition (|2.1ip now follows. 

□ 
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3. Proof of Theorem 11.21 and Theorem 1 1 . 41 for the operator Ai 

In this section we give the proofs of Theorems 11.21 and 11.41 for the operator Ai . 
The proofs for the operator A is slightly more involved and will be given in the 
next section. 

Proof of Theorem \1.2\ for the operator A\. Assume first < 7 < 2 and f3 > 0. By 
(|2.9|) we can write 

A!=L + P, (3.1) 

where L = Cp r^^Wp^dr and \\P\\ L i < +00. Now take Ai > v\\P\\ L i and 
define f(t,x) = e" Alt 6»(t, x). Fix T > and consider 

sup \f(t, x)\ — M > 0. 

0<t<T, x£R d 

Without loss of generality we can assume 

sup f{t,x) = M > 0. 

0<t<T, ieR d 

By using the decay condition (|1.2[) and a simple compactness argument in t, we 
conclude that there exists (to,Xo) such that 

f(t ,x ) = M. 

We now show that to = 0. Indeed if < to < T, we compute 

(dtf)(t Q ,x ) = -Xif(to,x ) - v(Atf)(t ,x ) 

= —\\M - u(Lf)(to, xo) - u(Pf)(t ,x ). (3.2) 
Now by Corollary |2.21 we have 

\\Pf(to)\\ L ~ < WPhiWfm^ ^ W P \\Ll ■ M. (3.3) 
For any < s < 2, by using the fractional representation 

it is easy to see (|V| s /)(£o, xq) > and hence 

(Lf)(t o ,x o )>0. (3.4) 
Plugging (|3.3|) and (|3.4[) into (I3.2p . we reach a contradiction: 
(d t f)(t ,x ) < -(Ai-i/||P|| ii )M<0. 

Therefore we conclude that to — and clearly the estimate (|1.3I) follows. 

It remains to prove the case 7 = and (3 > 0. But in this case the operator 
log^^A — A) corresponds to an i 1 -bounded convolution kernel. Hence we just 
need to repeat the previous argument with A\ = P and Ai > i/||P||ii. We omit 
the repetitive details. 

□ 

Finally we complete the 
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Proof of Theorem ] 1.4\ for the operator Ai- Without loss of generality we assume 
^ > 0, < 7 < 2 and (3 > 0. Let 1 < p < oo. Multiplying both sides of (fTTT]> by 
|0| p_1 sgn(0), integrating by parts and using the fact that v is divergence free, we 
obtain 

li(\\m\\$ = -v [ (A 1 e)\erh g n(9)dx 

pat J Rd 

= - v \ (Le)\er 1 sgn(e)dx-^\\(pe)\er 1 \\ Li , (3.5) 

where in the last equality we have used the decomposition (13. ip . 
Since for any < s < 2, 1 < p < oo, we have 

/ (iVl^r^gn^efa^O, 

it follows easily that 

f (Le)\e\ p - 1 sgn(6)dx>0. 

JR d 

By Holder, we have 

Plugging the above estimates into (|3.5I) and integrating in time, we get for any 

1 < p < oo, 

The case p = oo follows by a limiting argument p — > oo. Clearly (ll.4p holds by 
setting C = v\\P\\ L i. □ 

4. Proof of the main theorems for the operator A 

In this section we describe the proofs of the main theorems for the operator A. 
We shall only need to consider the case 1 < 7 < 2. Thanks to Lemma |2~T1 the case 
< 7 < 1 is already covered in the previous section. In the case 1 < 7 < 2 we have 
to use the decomposition (|2.11[) in Lemma l2~3l The extra complication is due to the 
negative term — Xt\ V| 7_r_1 which in principle can cause the maximum principle to 
fail. The way out of this difficulty is to note that the main term |V| 7 ~ T is stronger 
than this negative term by an order of | V | ~ 1 . The following lemma quantifies this 
observation. In some sense it gives the maximum principle for "mixed" operators. 

Lemma 4.1. Let < sx < S2 < 2 and C\ > 0. Consider the operator 

L = |V| S2 -Ci|V| Sl . 

Then for any smooth function g which attains its maximum at some point Xq, we 
have 

(Lg)(x ) > -CiQNU • (2 - Sl )(l + (s 2 (2 - S2 )) _7 ^). (4.1) 

where Cd > is some constant depending only on the dimension d. In particular if 
si = S2 — 1 and 1 < S2 < 2, then we have the estimate 

(Lg)(x ) > -dC^IMUl + (2 - s 2 ) 1 - s ^), (4.2) 

where C' d > is another constant depending only on the dimension d. 
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Proof of Lemma \4-l\ To begin we need to derive the explicit constant appearing 
in the integral representation of the fractional operators |V| S with < s < 2. 
Recall that for any < a < d, the Riesz potential |V| _Q has the following explicit 
representation (cf. pp 117 of Stein [8]) 



(|V|- a /) = CcM / \x-y\- d+a f(y)dy, 



with 



r(**=s) 



r(f)2»7r* 

For < s < 2 by writing |V| S = — A|V|~( 2 ~ S ) and integrating by parts, we get 

/(*) - f(y) 



(\V\ s f) = C s . d lim / 
Jh 



y-x\>e \ x y\ d+s 



dy, 



where 



By using the asymptotics T(z) ~ z 1 for z ~ 0, it is easy to see that 

s 

f(¥) 



C M ~d 7^72377 ~d a(2 - a). (4.3) 



and in particular for all < s < 2, 

C M < rf 1, (4.4) 

We now write 

- Cl C sld \im[ 9 } Xq) dy. (4.5) 

Observe that g(a;o) — <?(y) > for all y. We now separate the y-integral into two 
regimes. The first regime is {y : \y — xq\ < min{l, C2}}, where C2 > is a constant 
such that (here we use (14.41) to bound C Sli d) 

(c 2 yi- s *c S2 , d > d c x . 

By using (|4.3p . we have (the notation ~Ci,d means up a constant depending on C\ 
and d) 

1 

C 2 ~cx,d (*2(2-«a)) a2 " S1 • 

In the first regime, it is easy to check that the first integral bounds the sec- 
ond integral in (|4.5|) . The second regime is just the complement {y : \y — xo\ > 
min{l, C2}}. In this case we simply discard the first integral and bound the second 
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-g)(xo) > -(C d ,p„\+\\P\\ L i)\\g\\ 00 , 



integral by ||<7||z,<*> which produces a term of the form (below Cd denotes a constant 
depending only on the dimension d) : 

1 {— — ) Jr>mm{l,C 2 } 

>c u d ~ hWoo ■ (2 - + (s 2 (2 - s 2 ))-^). 
This settles (|4TTj) . 

Finally (|4.2I) is a simple consequence of (14.11) . □ 

The following corollary will be used in the proof of Theorem 11.21 

Corollary 4.2. Let d > 1. 1 < 7 < 2 and (3 > 0, A > 1. Then for any smooth 
function g which attains its maximum at some point xq, we have 

( [vr 
Mog^A+ivir 

where Cd,/3,-y is some constant depending only on (d, a, ,$,7), and P is the operator 
defined in (|2.11j) . 

Proof of Corollary \4-2\ By Lemma l2~3l Lemma l4~Tl and the fact that (| V| 7 ~ T ,g)(xo) > 
0, we have 

dog^r+ivi)- 9 )^) 

> CpJ^ 1 r^ 1 ((|Vr--AT|Vr- 1 ).g)( S o)dr-||P|| ii ||.g|| co 

> -C M -\\\gU f 1 ^(l + (2- 7 + r) 1 ^)dr-||P|| ii ||. 9 || 00 

Jo 

>-(c<i,^+ll^lk)ll5lloo. 

□ 

We are now ready to complete the 

Proof of Theorem ] for the operator A, case 1 < 7 < 2. With the help of Corol- 
lary the proof is similar to the proof for the operator A\ in section 3, one only 
needs to consider f{t,x) — e~ Xlt 6(t,x) with Ai > ^(Cd^.-yX + ||P||li), where the 
constant Cd,/3,7 is the same as in Corollary 14.21 The rest of the proof is now the 
same as in Section 3. We omit the details. □ 

Next we turn to the proof of Theorem 11.41 The following lemma establishes a 
form of maximum principle for the mixed operator L = |V| S — Ci|V| s_1 in the L p , 
1 < p < 00 setting. 

Lemma 4.3. Let 1<7<2,1<s<7,Ci>0 and consider the operator 

L = |V|*-C 1 ( 7 - S )|Vr 1 . 
Then for any 1 < p < 00 and any smooth g 6 LP , we have the bound 

{Lg)\g\v- l sgn{9) dx > -dC^HffH* (4.6) 

where Cd^ > is some constant depending only on (d, 7). 
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Proof of Lemma \4^ The proof is analogous to that of Corollary 14 . 2 1 with suitable 
modifications. Without loss of generality we assume C\ — 1. We begin with a 
simple tail estimate. For any A > 0, we have 

JR d J\y-x\>A F — V\ 

<C d \\f\\l-A'- s , (4.7) 

where C d > is a constant depending only on the dimension d. The estimate (j4.7[) 
is a simple consequence of the Young's inequality 

i/(y)i • i/wr 1 < — i/wr + -ijw, 

and Fubini. 

Next we need to transform the LHS of (|4.6p suitably. By a symmetrization in 
the variable x and y, we have 

\V\ s g)\g\v-hgn(g)dx 
( '~* I I g -^^- dy\9(x)\ p - 1 S gn(g(x))dx 

■dxdy, (4.8) 



\x-y 
C s ,d f f h(x,y) 



\x - y\ d+s 

where 

= (<?(*) - ff (y))(| ff ( S )r 1 sgn( ff ( a; )) - IsCtfjr^gnGjCtf))^ 

Note that for any real numbers a, b, we have 

(a - 6)(|a|P- 1 agn(a) - |6|f- 1 sgn(6)) > 0. 

Therefore /i(x, y) > for all x, y. The advantage of the expression (|4.8[) is that the 
integrand is always non-negative. Similar expression holds for the operator |V| S_1 . 

Let A > be a constant whose value will be specified later. By using (|4.8|) and 
(|4.3|) . we have 



LHS of 6U) > C d s(2 - s) [ [ , k{Xll /] +s dxdy 

J&d J\y-x\<A N - 2/1 + 



(4.9) 



-CS(— 1)( 7 — )/ / ■ ^L ^dy (4-io) 

-C' d {s-l){^-s) [ f ^'^ dxdy, (4.11) 

where and are constants depending only on the dimension gL 
By (|4.7I) . we have 

(BHD > -Ci|| 5 ||5A 1 -(7-*). (4.12) 
On the other hand, by choosing A = C4/CL we have 

C d -s(2-s)-j>C' d (s-l)( 1 -s), 
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and 

dm + (IltoTi > o. 

Substituting the value of A into (|4.12|) . we obtain (|4.6|) . 

□ 

Finally we are ready to complete the 

Proof of Theorem \1.4\ for the operator A in the regime 1 < 7 < 2. Thanks to Lemma 
12.31 and Lemma 14.31 we essentially only have to repeat the proof for the operator 
A\ in Section 3. In place of (|3.5p . we have 

^(II^)IIP < "(II^IU; + ^C d ^)\\6{t)\\ P P - 
The estimate (11.41) follows immediately. 

□ 
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